Line graphs and 2-geodesic transitivity 



Alice Devillers, Wei Jin* Cai Heng Li and Cheryl E. Praeger* 

Centre for the Mathematics of Symmetry and Computation, School of Mathematics and Statistics, 
The University of Western Australia, Crawley, WA 6009, Australia 



Abstract 

For a graph T, a positive integer s and a subgroup G < Aut(r), we 
prove that G is transitive on the set of s-arcs of T if and only if T has 
girth at least 2(s — 1) and G is transitive on the set of (s — l)-geodesics 
of its line graph. As applications, we first prove that the only non- 
complete locally cyclic 2-geodesic transitive graphs are the complete 
multipartite graph K 3 \ 2 ] and the icosahedron. Secondly we classify 
2-geodesic transitive graphs of valency 4 and girth 3, and determine 
which of them are geodesic transitive. 



1 Introduction 

In this paper, all graphs are finite simple and undirected. An arc of a 
graph is an ordered vertex pair such that the two vertices are adjacent. A 
vertex triple (u, v , w) in a non-complete graph T with v adjacent to both u and 
w is a 2-arc ifu^w, and a 2-geodesic if the distance d r (u, w) = 2. A graph T 
is said to be 2-arc transitive or 2-geodesic transitive if its automorphism group 
Aut(r) is transitive on arcs, and on the 2-arcs or 2-geodesics respectively. 
For connected graphs of girth at least 4 (where the girth is the length of 
the shortest cycle), each 2-arc is a 2-geodesic so the sets of 2-arc transitive 
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graphs and 2-geodesic transitive graphs are the same. However, there are 
also connected 2-geodesic transitive graphs of girth 3. It was shown in 
Theorem 1.1] that for such graphs T, the subgraph \T(u)] induced on the set 
r(ti) of vertices adjacent to u is either a connected graph of diameter 2, or 
is isomorphic to the disjoint union mK r of m copies of a complete graph K r 
with m > 2, r > 2. 

One of the aims of this paper is to characterise 2-geodesic transitive graphs 
of girth 3 and valency 4, the smallest valency for which both possibilities for 
[r(-u)] arise, namely [r(w)] = C4 or 2K 2 for u 6 V(r). This involves the line 
graph L(E) of a graph E, namely the graph whose vertices are the edges of 
E, with two edges adjacent in L(E) if they have a vertex in common. 

Theorem 1.1 Let V be a finite connected non-complete graph of girth 3 and 
valency 4. Then V is 2-geodesic transitive if and only ifT is either L(-fQ) = 
K 3 [2] or L(E) for a connected 3-arc transitive cubic graph E. 

Moreover, F is geodesic transitive if and only if V = L(E) for a cubic 
distance transitive graph E, namely E = K±, the Petersen graph, the 

Heawood graph or Tutte's 8-cage. 

Since there are infinitely many 3-arc transitive cubic graphs, there are 
therefore infinitely many 2-geodesic transitive graphs with girth 3 and va- 
lency 4. Theorem 11.11 provides a useful method for constructing 2-geodesic 
transitive graphs of girth 3 and valency 4 which are not geodesic transitive, 
an example being the line graph of a triple cover of Tutte's 8-cage constructed 
in [12]. Geodesic transitivity is defined in Section 2. The line graphs men- 
tioned in the second part of Theorem II .11 are precisely the distance transitive 
graphs of valency 4 and girth 3 given, for example, in J3J Theorem 7.5.3 (i)]. 
For two integers m > 3, b > 2, K m [ fe ] denotes the complete multipartite graph 
with m parts of size b. 

One consequence of Theorem 11.11 is a classification of locally cyclic, 2- 
geodesic transitive graphs in Corollary II .21 for \T(u)] = C n is connected and 
has diameter 2 only for valencies n = 4 or 5, and the valency 5, girth 3, 
2-geodesic transitive graphs were classified in [6] . We note that locally cyclic 
graphs are important for studying embeddings of graphs in surfaces, see for 
example [91 [101 [11] . We are grateful to Sandi Malnic for suggesting that we 
consider s-geodesic transitivity for locally cyclic graphs. 

Corollary 1.2 LetT be a finite connected, non-complete, locally cyclic graph. 
Then V is 2-geodesic transitive if and only ifT is K^ 2 ] or the icosahedron. 

Our second aim in the paper is to study further the disconnected case 
[r(tt)] = mK r for the smallest value of m, namely m = 2. Each such graph 
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is isomorphic to the line graph of some graph, see Corollary 1.5]. We 
investigate connections between symmetry properties of a connected graph 
T and its line graph L(T). A key ingredient in this study is a collection 
of injective maps C s , s > 1, where C s maps the s-arcs of Y to certain s- 
tuples of edges of Y (vertices of L{Y)) as defined in Definition 13. 1L The 
major properties of C s are derived in Theorem 13.21 and the main consequence 
linking the symmetry of Y and L(T) is given in Theorem 11.31 This is given 
in terms of s-geodesics and s-arcs (defined in Section 2). The diameter of a 
graph T is denoted by diam(r). 

Theorem 1.3 Let Y be a finite connected regular, non-complete graph of 
girth g and valency at least 3. Let G < Aut(r) and let s be a positive integer 
such that 2 < s < diam(L(r)) + l. Then G is transitive on the set of s-arcs of 
Y if and only if s < g/2 + 1 and G is transitive on the set of (s — l)-geodesics 
ofLiY). 

Note that for the graph Y and the integer s in Theorem 11.31 there is an 
additional restriction on s. It follows from a deep theorem of Richard Weiss 
in [18] that if Y is s-arc transitive, then s < 7. This observation yields the 
following corollary. 

Corollary 1.4 Let Y and g be as in Theorem \1.3\ . Let s be a positive integer 
such that 2 < s < diam(L(r)) + 1. If L(Y) is (s— \)-geodesic transitive, then 
either 2<s<7ors> max{7, g/2 + 1}. 

2 Preliminaries 

For a graph Y, we use V(Y),E(Y), and Aut(r) to denote its vertex set, 
edge set and automorphism group, respectively. A graph Y is said to be vertex 
transitive if the action of Aut(r) on V(Y) is transitive. Vertex transitive 
graphs are regular in the sense that |r(ii)| is independent of u G V(Y), and 
\Y(u) \ is called the valency, denoted by val(r). Regular graphs of valency 3 
are called cubic graphs. 

A subgraph X of Y is an induced subgraph if two vertices of X are adjacent 
in X if and only if they are adjacent in Y. For U C V(r), we denote by [U] 
the subgraph of Y induced by U . 

For two vertices u and v in V(r), a walk from u to v is a finite sequence 
of vertices (v , v\, . . . , v n ) such that v = u, v n = v and {vi, v i+ i} G E(Y) for 
all % with < % < n, and n is called the length of the walk. If v$ ^ Vj for 
< i < J ; < n, the walk is called a path from u to v. The smallest integer n 
such that there is a path of length n from u to v is called the distance from u 
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to v and is denoted by d-p(u, v). The diameter diam(r) of a connected graph 
T is the maximum of d-p(u, v) over all «,«£ V(T)- 

Let G < Aut(r) and s < diam(r). We say that T is (G, s)- distance 
transitive if, for any t < s and for any two pairs of vertices (ui,Vi), (v,2,V2) 
at distance t, there exists g G G such that (ui,vi) 9 = {u%,V2). If s is equal 
to the diameter, the graph is said to be G-distance transitive. 

For a positive integer s, an s-arc of T is a walk (t> , Vi, . . . ,v s ) of length s 
such that fy-i 7^ Vj + i for 1 < j < s — 1. Moreover, a 1-arc is called an arc. 
Suppose G < Aut(r). Then T is said to be (G, s)-arc transitive, if V contains 
an s-arc, and for any two t-arcs a and (3 where t < s, there exists g G G 
such that a 9 = (3. The study of (G, s)-arc transitive graphs goes back to 
Tutte's papers [T5J [TB] which showed that if T is a (G, s)-arc transitive cubic 
graph then s < 5. About twenty years later, relying on the classification of 
finite simple groups, Weiss [18J proved that there are no (G, 8)-arc transitive 
graphs with valency at least three. The family of s-arc transitive graphs is a 
central object in algebraic graph theory, for more work see (2J [HI [13], [HJ [T7] . 

For a graph F and a positive integer 1 < s < diam(r), an s-geodesic of 
T is a walk (v ,Vi, . . . ,v s ) of length s such that dr(vo,v s ) = s. It is clear 
that 1-geodesics are arcs. For G < Aut(r), T is said to be (G, s)- geodesic 
transitive if, for 1 < % < s, G is transitive on the set of i-geodesics; further if 
s = diam(r), then T is said to be G -geodesic transitive. Moreover, if we do 
not wish to specify the group we will say that T is s-geodesic transitive or 
geodesic transitive respectively, and similarly for the other properties. The 
study of s-geodesic transitive graphs was initiated in where the properties 
of s-distance transitivity, s-geodesic transitivity and s-arc transitivity were 
compared. 

A maximum clique of T is a clique with the largest possible size. The 
clique graph C(T) of T is the graph with V(C(T)) = {all maximum cliques 
of T}, and two vertices are adjacent if and only if they have at least one 
common vertex in T. In particular, if T has girth at least 4, then C(T) is 
the line graph L(T). For example, L(C n ) = C n for n > 3 where C n is the 
n-cycle, and L(P r ) = P r ~i for r > 2 where P r is the path with length r. The 
following fact about line graphs is well-known. 

Lemma 2.1 [Tj p. 1455] Let T be a connected graph. If T has at least 5 
vertices, then Aut(r) = Aut(L(r)). 

The subdivision graph S(T) of a graph T is the graph with vertex set 
V(T) U E(T) and edge set {{u,e}\u G V(T),e G E(T),u G e}. The link 
between the diameters of T and S'(r) was determined in [5} Remark 3.1 (b)]: 



4 



diam(S'(r)) = 2diam(T) + 5 for some 5 G {0, 1, 2}. Here, based on the above 
result, we will show the connection between the diameters of F and L(T) in 
the following lemma. 

Lemma 2.2 Let T be a finite connected graph with |V(r)| > 2. Then 
diam(L(r)) = diam(r) + x for some x G {— 1, 0, 1}. Moreover, all three val- 
ues occur, for example, ifY = K 3+x , then diam(L(T)) = diam(r)+x = 1 + x 
for each x. 

Proof. Let d = diam(r), di = diam(L(r)) and d s = diam(S(r)). Let 
(x ,x 2 , ■ ■ ■ ,X2d t ) ^ e a ^-geodesic of L(T). Then by definition of L(T), each 
edge intersection x 2i D x 2i+2 is a vertex x 2i+ i of T and (x , x\, x 2 , ■ ■ ■ , x 2 d t ) is 
a 2<i r path in S(T). Suppose that (s , Xi, x 2 , ■ ■ ■ , x^) is not a 2<i r geodesic of 
S(T). Then there is an r-geodesic from xq to x 2 d n say (yo, yi, y 2 , . . . , y r ) with 
yo = xq and y r = x 2 d t , such that r < 2di. Since both xojX^, are in V(L(T)), 
it follows that r is even, and hence d L ^(xo, x^) — \ < di which contradicts 
that (x , x 2 , . . . , x 2 dj is a c? r geodesic of I/(r). Thus (x , Xi, x 2 , . . . , x 2 d t ) is a 
2^-geodesic in S'(r). It follows from [5J Remark 3.1 (b)] that d\ < d s /2 < 
d + 1. 

Now take a c? s -geodesic (xq, x%, . . . , Xd s ) in S(T). If xq G -E(T), then 
(x ,x 2 ,x 4 , • • • ,x 2 Ld 3 / 2 j) is a [4/2 J -geodesic in L(r), so d t > [d s /2\ > d. 
Similarly we see that di > d if G -E'(r). Finally if both Xo,Xd s G V(r), 
then c? s is even and dr(x ,Xd a ) = d s /2. Moreover (xi,x 3 , . . . ,Xd a -i) is a 
(^)-geodesic in L(T). By Remark 3.1 (b)], d s = 2d, so d t > ^ = 
□ 

3 Line graphs 

Let T be a finite connected graph. For each integer s > 2, we define a 
map from the set of s-arcs of T to the set of s-tuples of V(L(T)). 

Definition 3.1 Let a = (v ,vi, . . . ,v s ) be an s-arc of T where s > 2, and 
for < i < s, let := {v j, fj+i} G -E'(r). Define £ s (a) := (e , ei, . . . , e s _i). 

The following theorem gives some important properties of C s . 

Theorem 3.2 Let s > 2, let T be a connected graph containing at least one 
s-arc, and let C s be as in Definition \'d.li Then the following statements hold. 

(1) C s is an infective map from the set of s-arcs ofT to the set of (s — 1)- 
arcs of L(T). Further, C s is a bisection if and only if either s = 2, or s > 3 
and T = C m or P n for some m > 3,n > s. 
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(2) C s maps s-geodesics ofT to (s — l)-geodesics of L(T). 

(3) If s < diam(L(r)) + I, then the image Im(£ s ) contains the set Gs—i 
of all (s — l)-geodesics of L(T). Moreover, Im(£ s ) = Q s -\ if and only if 
girth(r) > 2s -2. 

(4) C s is Aut(r) -equivariant, that is, C s (a) 9 = C s (a 9 ) for all g G Aut(T) 
and all s-arcs a ofT. 

Proof. (1) Let a = (v , vi, . . . , v s ) be an s-arc of T and let £ s (a) := 
(eo,ei, . . . ,e s _i) with the as in Definition 13.11 Then each of the lies 
in E(T) = V(L(T)) and ^ ek+i for < k < s — 2. Further, since 
Vj 7^ Vj + \,Vj + 2 for 1 < j < s — 2, we have ej_i ^ Thus £ s (a) is an 

(s — l)-arc of L(T). 

Let b = (m , u s ) and c = (w , Wi, . . . , w s ) be two s-arcs of T. Then 

C 8 (b) = (/ ,/i, • • -,f s -i) and £ s (c) = (g ,gi, ■ are two (s-l)-arcs of 

L(r), where = {w^Wj+i} and g>j = {wi,Wi + i} for < i < s. Suppose that 
£ s (b) = C s (c). Then fi = g { for each % > 0, and hence n = ^ n g> i+ i, 
that is, u i+ i = w i+ i for each < i < s — 2. So also u = w and u s = w s , 
and hence b = c. Thus C s is injective. 

Now we prove the second part. Each arc of £(T) is of the form h = (e, /) 
where e = {wo,wi} and / = {111,112} are distinct edges of T. Thus uq 7^ «2, 
so k = (ito, Wi) "U2) is a 2-arc of T and ^2(k) = h. It follows that £2 is onto 
and hence is a bijection. If s > 3 and T = C m or P n for some m > 3, n > s, 
then L(T) = C m or P n _i respectively, and hence for every (s — l)-arc x 
of I/(r), we can find an s-arc y of T such that C s {y) = x, that is, C s is 
onto. Thus C s is a bijection. Conversely, suppose that C s is onto, and that 
s > 3. Assume that some vertex u of T has valency greater than 2 and let 
ei = {w, f 1}, e2 = {u, V2}, e3 = {u, v 3 } be distinct edges. Then x = (ei, e2, 63) 
is a 2-arc in L(T) and there is no 3-arc y of T such that £ s (y) = x. In general, 
for s = 3a + b > 4 with a > 1 and 6 G {0, 1,2}, we concatenate a copies 
of x to form an (s — l)-arc of £(T): namely (x a ) if b = 0; (x a ,ei) if b = 1; 
(x a ,ei,e2) if b = 2. This (s — l)-arc does not lie in the image of C s . Thus 
each vertex of V has valency at most 2. If all vertices have valency 2 then 
r = C m for some m > 3, since Y is connected. So suppose that some vertex 
u of T has valency 1. Since V is connected and each other vertex has valency 
at most 2, it follows that V = P n for some n > s. 

(2) Let a = (t> , . . . , v s ) be an s-geodesic of T and let £ s (a) = (eo, . . . , e. s -i) 
as above. If s = 2, then £ s (a) is a 1-arc, and hence a 1-geodesic of L(r). Sup- 
pose that s > 3 and £ s (a) is not an (s — l)-geodesic. Then (ii(r)(e , e s _i) = 
r < s — 1 and there exists an r-geodesic r = (/ , ft, ■ ■ ■ , fr-i, fr) with 
/o = e and f r = e s _i. Since s > 3 and a is an s-geodesic, it follows 
that {vo,v\} H {f s _i,ti s } = 0, that is, eo and e s _i are not adjacent in L(T). 
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Thus r > 2. Since r is an r-geodesic, it follows that the consecutive edges 
fit fi+i do not share a common vertex for any 1 < % < r — 1, otherwise 
(/o, • • • , fi-i, fi+i, ■ ■ ■ , fr) would be a shorter path than r, which is impossi- 
ble. Hence we have fh = {ut, W/i+i} for < h < r. Then (ui, w 2 , • • • , u r ) is an 
(r-l)-pathinr, {in} = e n/i C {v ,V!} and {u r } = / r _ine s _i C {v s -i,v s }. 
It follows that dr(v , v s ) < dr(ui,u r ) + 2<r + l<s, contradicting the fact 
that a is an s-geodesic. Therefore, C s (a) is an (s — l)-geodesic of L(T). 

(3) Let 2 < s < diam(L(r)) + 1 and Q s -\ be the set of all (s — l)-geodesics 
of L(T). If s = 2, then by part (1), each 1-geodesic of L(T) lies in the image 
Im(£ 2 ), and hence Q\ C Im(£ 2 ). Now suppose inductively that 2 < s < 
diam(L(r)) and Q s -\ C Im(£ s ). Let e = (e , e±, e 2 , . . . , e s ) be an s-geodesic of 
L(r). Then e' = (e , ei, e 2 , . . . , e s _i) is an (s— l)-geodesic of -^(r). Thus there 
exists an s-arc a of V such that C s (sl) = e', say a = (v ,vi, . . . ,v s ). Since 
e s is adjacent to e s _i = {f s _i,f s } but not to e s _ 2 = {f s _ 2 ,f s _i} in L(T), it 
follows that e s = {v s , x} where x {f s _ 2 , v s -i}- Hence b = (t> , • • • , v s , x) 
is an (s + l)-arc of T. Further, £ s+1 (b) = e. Thus Im(£ s+1 ) contains all 
s-geodesics of L(T), that is, Q s C Im(£ s+1 ). Hence the first part of (3) is 
proved by induction. 

Now we prove the second part. Suppose that for every s-arc a of T, £ s (a) 
is an (s — l)-geodesic of L(F). Let g := girth(r). If s = 2, as g > 3, then 
g > 2s — 2. Now let s > 3. Suppose that g < 2s — 3. Then T has a g- 
cycle b = (u ,Ui,u 2 , . . . ,u g -i,u g ) with u g = u . It follows that £ g (b) forms 
a g-cycle of L(T). Thus the sequence b' = (uq,^, . . . ,u s ) (where we take 
subscripts modulo g if necessary) is an s-arc of T and C s (h') involves only 
the vertices of C s (b). This implies that di(r)(eo, e s -i) < f — < s — 1, 
that is, C s (b') is not an (s — l)-geodesic, which is a contradiction. Thus, 
g > 2s - 2. 

Conversely, suppose that g > 2s — 2. Let a := (v ,Vi,v 2 , . . . ,v s ) be an 
s-arc of T. Then C s (a) = (eo, e±, e 2 , . . . , e s _i) is an (s — l)-arc of L(T) by part 
(1). Let a' := (vo,v±,V2, ■ ■ ■ ,v s -i). Since g > 2s — 2, it follows that a' is an 
(s— l)-geodesic, and hence by (2), £ s _i(a') = (eo, e±, e 2 , . . . , e s _ 2 ) is an (s— 2)- 
geodesic of L(T). Thus z = d L (r)(e , e s _i) satisfies s — 3<z<s — 1. There 
is a z-geodesic from e to e s _i, say f = (e , /i, / 2 , . . . , / z _i, e s _i). Further, 
by the first part of (3), there is a (z + l)-arc b = (u , u±, . . . , u z , u z+ i) of 
T such that £ 2+ i(b) = f and we have eo = {uo,ui} = {i>o,fi} and e s _i = 
{u Z) u z+ i} = {v s -i, v s }. There are 4 cases, in columns 2 and 3 of Table 1: in 
each case there is a given nondegenerate closed walk x of length /(x) as in 
Table 1. Thus Z(x) > g > 2s — 2 and in each case /(x) < s + z — 1. It follows 
that z > s — 1, and hence z = s — 1. Thus C s (a) = (e , ei, e 2 , . . . , e s _i) is an 
(s — l)-geodesic of L(T). 

(4) This property follows from the definition of C s . □ 
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Table 1: Four cases of x 



Case 


(ito,Ui) 


(u z ,u z+1 ) 


X 


/(x) 


1 




(v a -x,v a ) 


(Vs-x, V s _ 2 , ■ ■ ■ , V 2 , Vi, U 2 ,..., U z -i, Vs-i) 


s + z — 3 


2 






(v s , V s -x, ...,v 2 , Vi, u 2 ,..., U z -i, v a ) 


s + z-2 


3 


(vi,v ) 


(V S -!,V S ) 


(Vg-!, V s -2, ...,V 2 , V i, Mi, U 2 ,..., U z -l, V s -x) 


s + z-2 


4 


(vi,v ) 




(v s , V s -!, ...,V 2 , V X , U 1: U 2 ,..., U z -x, V s ) 


8 + Z-l 



Remark 3.3 (i) The map C s is usually not surjective on the set of (s — 1)- 
arcs of L(T). In the proof of Theorem 13.21 (1), we constructed an (s — l)-arc 
of L(T) not in lm(C s ) for any T with at least one vertex of valency at least 
3. 

(ii) Theorem 13.21 (1) and (3) imply that, for each (s — l)-geodesic e of 
L(r), there is a unique s-arc a of T such that £ s (a) = e. The s-arc a is not 
always an s-geodesic. For example, if T has girth 3 and (v , Vx, v 2 , t>o) is a 
3-cycle, then a = (v ,vi,v 2 ) is not a 2-geodesic but C 2 (sl) is the 1-geodesic 
(e ,ei) where e = {v ,Vx} and e x = {vx,v 2 }. 

We are ready to prove Theorem 11.31 

Proof of Theorem 11.31 Let T be a connected, regular, non-complete 
graph of girth g and valency at least 3. Then in particular |V(r)| > 5, 
and by Lemma EH Aut(r) = Aut(L(r)). Let G < Aut(r) and let 2 < s < 
diam(L(r)) + 1. 

Suppose first that G is transitive on the set of s-arcs of T. Then by The- 
orem 13.21 (4). G acts transitively on Im(£ s ). Since s — 1 < diam(L(r)), it fol- 
lows that L(T) has (s — l)-geodesics and by Theorem 13.21 (3). Im(£ s ) contains 
all the (s— l)-geodesics. Thus Im(£ s ) is the set of (s— l)-geodesics of L(T) and 
is a G-orbit. Suppose that s > | + 1. Let (a , ai, . . . , a g _i, a ) be a g-cycle. 
Then (a , ai, . . . , a s -x, a a ) is an s-arc. Since the valency of T is greater than 
2, there exists a vertex b a s ) adjacent to a s _i such that (a , a\, . . . , a s -x, b) 
is an s-arc. Since G is transitive on the set of s-arcs of T, there exists a £ G 
such that (a ,a>x, . . . ,a s _x,a s ) a = (a , ax, ■ ■ ■ , a s -i> b), that is, a" = b. As 
a s G r g _ s (a ) (the set of vertices at distance g — s from a ) and a$ = a , 
we have b G r g _ s (a ). Thus there is a (g — s)-geodesic from a to b, say 
(a , bx,..., b g - s -x, b g - s = b). The walk (a , a g _i, a g _ 2 , . . . , a s -x, b, & g - s _i, • • • , &i, a ) 
contains a cycle with length at most 2(g — (s — 1)). Since s — 1 > |, it follows 
that 2(g — (s — 1)) < g contradicting that the girth of T is g. Thus s < | + 1. 

Conversely, suppose that s < | + 1 and G is transitive on the (s — 1)- 
geodesics of L(T). Then by the last assertion of Theorem 13.21 (3), Im(£ s ) is 
the set of (s — l)-geodesics, and since C s is injective, it follows from Theorem 
13.21 (1) and (4) that G is transitive on the set of s-arcs of T. □ 
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We give a brief proof of Corollary 11.41 



Proof of Corollary 11.41 Suppose that T, g, s are as in Theorem 11.31 and 
that Aut(r) is transitive on the (s — l)-geodesics of L(T) and s > 7. Then 
by [IB], Aut(r) is not transitive on the s-arcs of T and so by Theorem 11.31 
s > | + 1. □ 

4 Two-geodesic transitive graphs that are lo- 
cally cyclic or locally 2K2 

As discussed in Section 1, a graph T of valency n is locally cyclic if 
[r(u)] = C n , and for such a graph to be 2-geodesic transitive (and hence in 
particular not a complete graph), n is 4 or 5. Also if T has valency 4, and T 
is 2-geodesic transitive, then [T(u)] = C4 or 2K 2 . First we treat the case of 
valency 4, proving Theorem 11.11 In the proof, we will use the clique graph 
C(r) of T. Recall that C(T) is the graph with vertex set of all maximum 
cliques of V, and two maximum cliques are adjacent if and only if they have 
at least one common vertex in T. 

Proof of Theorem 11.11 Suppose that T is a connected non-complete 2- 
geodesic transitive graph of valency 4, and let A = Aut(r) and v G ^(T). 
Then T is arc transitive, and so A v is transitive on T(v). If [T(v )] = C4, then 
it is easy to see that T = K^] (or see [31 p. 5] or [1]). So we may assume that 
[r(v)] = 2K 2 - It follows from Theorem 1.2] that V is isomorphic to the 
clique graph C(E) of a connected graph E such that, for each u G V(E), the 
induced subgraph [£(«)] — 3Ki, that is to say, S is a cubic graph of girth at 
least 4 and C(E) is in this case the line graph £(£)• Moreover, [TJ Theorem 
1.2] gives that S = C(T). In particular, a cubic graph with girth at least 4 
has |V(E)| > 5, so by Lemma [2. 11 A = Aut(E). Now we apply Theorem 11.31 
to the graph E of girth g > 4. Since T = L(E) is 2-geodesic transitive and 
2 < I + 1, it follows from Theorem 1 1 . 3 1 1 hat E is 3-arc transitive. Therefore, 
T is the line graph of db 3~£irc transitive cubic graph. 

Conversely, if T = K 3 [ 2 ], then it is 2-geodesic transitive of girth 3. Now 
suppose that T = L(E) where E is a 3-arc transitive cubic graph. If E had 
girth 3, then it would be a complete graph, which is not 3-arc transitive. 
Hence E has girth at least 4. Then E is locally 3Ki, and by [3 Remark 1.2 
(b)], C(E) = L(E) is locally 2K 2 . Thus L(E) has valency 4 and girth 3, and 
hence L(E) is not 2-arc transitive. By Theorem 11.31 applied to E with s = 2, 
L(E) is 2-geodesic transitive. This proves the first assertion of Theorem ll.il 

Now we suppose that T is geodesic transitive. Then T is distance transi- 
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tive, and so by Theorems 7.5.2 and 7.5.3 (i) of [3J, F is one of the following 
graphs: K 3 [ 2 ] = L(K 4 ), H(2,3) = L(K 3)3 ), or the line graph of the Petersen 
graph, the Heawood graph or Tutte's 8-cage. Further, by our argument 
above, K 3 [ 2 ] is geodesic transitive; by [6j Proposition 3.2], H(2,3) is geodesic 
transitive. It remains to consider the last three graphs. 

Let E be the Petersen graph and T = £(£)• Then E is 3-arc transitive, 
and it follows from Theorem 1 1 . 3 1 that V is 2-geodesic transitive. By [3J Theo- 
rem 7.5.3 (i)], diam(r) = 3 and |r(w)nr 3 (u)| = 1 for each 2-geodesic (u,v,w) 
of T. Thus T is 3-geodesic transitive, and hence is geodesic transitive. 

Let Si be the Heawood graph and E 2 be Tutte's 8-cage. Then Ei is 
4-arc transitive and E 2 is 5-arc transitive, and hence by Theorem 11.31 -^(^i) 
is 3-geodesic transitive and L(E 2 ) is 4-geodesic transitive. By [3J Theorem 
7.5.3 (i)], diam(L(E!)) = 3 and diam(L(E 2 )) = 4, and hence both £(£i) and 
L(E 2 ) are geodesic transitive. □ 

Finally, we prove Corollary 11.21 

Proof of Corollary 11.21 Let T be a connected non-complete locally cyclic 
graph of valency n. Suppose T is 2-geodesic transitive. Then, as discussed 
in the introduction, n = 4 or 5. If n = 4, then we proved in Theorem 11.11 
that T = K 3 [ 2 ] and that K 3 ™ is indeed 2-geodesic transitive. If val(r) = 5, 
then by [6j Theorem 1.2], V is isomorphic to the icosahedron, and this graph 
is 2-geodesic transitive. □ 
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